The main factors affecting interrill erosion-including runoff discharge, rainfall intensity, mean flow velocity, and slope gradient-were analyzed by using a gray relational analysis. An equation for interrill erosion was derived by coupling this analysis with dimensional and regression analyses. The values of erosion rates predicted by this equation were in good agreement with experimental observations.
Introduction
Interrill erosion is a complex process, involving detachment of soil particles, transport of soil particles, and resistance of soil to erosion. It is affected by soil and slope characteristics ͑e.g., soil type, texture, structure, aggregate breakdown, sealing, crusting, and moisture͒; vegetation and land use; rainfall intensity, event history, and antecedent conditions; and hydraulic factors of runoff ͑Parsons and Abrahams 1992; Xu et al. 1995; Bradford and Foster 1996͒ . Interrill erosion is caused by sheetflow, rainsplash, and raindrop-enhanced sheetflow; and it reflects the capacity of interrill flow to disperse and transport soil on hillslopes. Raindrop splash detaches soil particles ͑Rowlinson and Martin 1971; Foster and Meyer 1972͒, and interrill flow not only detaches but also transports soil particles ͑Parsons and Abrahams 1992͒. Soil detachment is the source of interrill erosion. The resistance to erosion is determined by soil characteristics, soil water content, infiltration/exfiltration of soil, pore water pressure, and so on.
A multitude of empirical and semiempirical relationships have been derived for estimating the rate of interrill erosion ͑Liebenow et al. 1990; Fan and Li 1993; Grosh and Jarrett 1994; Tang and Chen 1994; Sharma et al. 1995; Agassi and Bradford 1995; Bradford and Foster 1996; Zhang et al. 1998; Flanagan and Nearing 2000; Bulygin 2001͒ . Horton ͑1945͒ reasoned that the erosion rate of overland flow depended on the difference between the erosion capacity of runoff and the erosion-resisting capacity of soil. Using the Manning resistance formula and sediment continuity, he derived a formula for the erosion rate of interrill flow as 
͑1͒
where k i = interrill erodibility of soil; c is a coefficient; ␥ = specific weight of water; d = diameter of soil particles; d 0 = reference diameter; q * = rainfall excess; n = roughness coefficient, x = distance along slope; and = slope angle. On the basis of Horton's work, Foster et al. ͑1981͒ suggested that the interrill erosion rate was a function of the difference between the flow shear stress and critical erosion-resisting stress. Foster et al. indicated that only when the sediment concentration of runoff was smaller than its transport capacity and when flow shear stress was greater than that required for inception of sediment motion, did soil erosion occur.
Liebenow et al. ͑1990͒ developed an empirical model for interrill erosion which was included in the water erosion prediction project ͑WEPP͒ model:
where D i = interrill erosion rate; k i = interrill erodibility of soil that was assumed to be caused completely by rainfall; I = rainfall intensity, S f = slope factor expressed as S f = ͑1.05− 0.85e −4 sin ͒, in which = slope angle. Sharma et al. ͑1995͒ found that the rainfall detachment rate and the transport rate of interrill flow were different because of the redistribution of sediment in the region of interrill. They expressed the interrill erosion rate as D i = K t I͑E − E 0 ͒S f , where K i = transport capacity of interrill flow; E = kinetic energy of rainfall per unit area; E 0 = critical kinetic energy leading to soil detachment; and I and S f have same meaning as previously. By using observed data, Bulygin ͑2001͒ developed an alternative empirical model of interrill erosion for inclusion in the WEPP model:
−4 sin ͒, where q = unit discharge of overland flow; and where other symbols have the same meaning that they previously had. This model does not fit the experimental data as well as the I 2 model, but it seems theoretically more reasonable. Owing to the complexity of the soil-erosion process, the simple and empirical analyses that are based on experimental data are still essential for developing interrill erosion models. The objective of this study is to employ a gray relational analysis method for investigating interrill erosion. In analyzing experimental data by this method, the main factors affecting interrill erosion were analyzed first. Then, through dimensional and regression analyses, an interrill erosion formula was derived.
Gray Relational Analysis Method
The gray relational analysis, proposed by Deng ͑1982͒, is a method that measures the correlation between factors ͑or variables͒ and belongs to the category of geometric treatment methods. An important concept in the gray relational system is the gray relational grade, which is a measure of the degree of correlation between two factors. For any factor or variable, there are two alignments ͕X 0 ͖ and ͕X 1 ͖, which may be time alignments or data alignments. Suppose that x 0 ͑j͒ and x 1 ͑j͒ represent the data at the j point of alignments ͕X 0 ͖ and ͕X 1 ͖, respectively. Then the average degree of the differences between ͕x 0 ͑j͖͒ and ͕x 1 ͑j͖͒ ͑j =1,2,3, ... , M͒ at various points is named the gray relational grade of these two alignments or factors. If there is one variable ͕X 0 ͖ ͑system characteristic alignment͒ and three effect factors ͕X k ͖ k =1,2,3 ͑factor alignments͒; that is, four time alignments observed at different times t j , j =1,2,3, ... M, then one can express
As shown in Fig. 1 , curved line C 0 consists of alignments ͕X 0 ͖ that represent the development process of variable X 0 , and curved lines C k ͑k =1,2,3͒ consist of alignments ͕X k ͖ that represent the development process of factors X k . Since curved lines C 0 and C 1 are approximately parallel, the difference between them is the smallest; thus, the gray relational grade between two factors, X 0 and X 1 , measured by r 01 , is identified as the largest. On the other hand, the difference between curve lines C 0 and C 3 is the largest, and the gray relational grade between the two factors X 0 and X 3 , r 03 , is the smallest. Therefore, the gray relational grades can be ordered as r 01 Ͼ r 03 Ͼ r 02 .
This analysis is only a kind of visual analysis that briefly introduces the basic principle of gray relational analysis. The analysis method of judging the gray relational grade between factors is next introduced. Suppose that the data series of one variable and three effect factors are designated as ͕x 0 ͑j͖͒,͕x 1 ͑j͖͒,͕x 2 ͑j͖͒, ͕x 3 ͑j͖͒ ͑j =1,2, ... , M͒, respectively. One can write
The gray relational grade of ͕x 0 ͑j͖͒ and ͕x i ͑j͖͒ depends on the difference between them at various time points. Because of the difference in the units of ͕x 0 ͑j͖͒ and ͕x k ͑j͖͒, it is usually necessary to first make the original data series dimensionless. Dividing each data series by its average gives the following result:
At point t j , the absolute value of the difference between series ͕X 0 ͑j͖͒ and ͕X k ͑j͖͒ is
The smallest and largest values of the absolute difference at various time points are computed as
The gray relational coefficient of ͕X k ͑j͖͒ and ͕X 0 ͑j͖͒ at time t j is now defined as
where ␤ ͑0,1͒ is an adjustable coefficient. When ⌬ 0k ͑j͒ = ⌬ min , the gray relational coefficient reaches the largest value, L 0k ͑j͒ = 1; when ⌬ 0k ͑j͒ = ⌬ max , the gray relational coefficient has the smallest value:
The coefficient ␤ can adjust the magnitude and the range of the gray relational coefficient L 0k ͑j͒. The value of L 0k ͑j͒ is always smaller than 1; its smallest value increases as ␤ increases. In application, different values of the coefficient ␤ can be chosen; and in general, ␤ഛ0.5.
The gray relational coefficient only express the relative degree between data at various points. Because of discrete data points, it is not convenient for comparison. Therefore, the gray relational grade was used to describe the average degree of correlation between two data series. The gray relational grade was defined as
The order of gray relational grades is more important than their values. If r 0i Ͼ r 0j , factor X i is prior to the factor X j . Consequently, the importance of factors can be evaluated according to the order of gray relational grades. The advantages of gray relational analysis are that it is computationally efficient, that it does not need large amounts of historical data, and that it facilitates discerning relationship from limited and discrete data. In the past 10 years, this method has been applied successfully in such different fields as engineering, agriculture, soil erosion, management, and so on ͑Fan 1986; Luo and Xu 1989; Fu 1992; Yi and Guo 1992͒. ͑In field experiments, rainfall of this intensity was commonly observed by four rain gauges in Yangling.͒ The soil used in the experiments was the local loess of Yangling in Shanxi province.
In the experiments, runoff discharge, sediment concentration, and the quantity of soil eroded were measured at the outlet of the test plot by continuously collecting runoff samples collected at different times. The flow velocities at several specific points were also measured by a dye tracer method. When using the dye method, the velocity associated with the peak concentration was assumed to equal the mean velocity of overland flow. However, determining the peak concentration visually was difficult. In practice, the leading edge of the tracer was used and then a correction factor of 0.66 was applied. Because of the difficulty of observation, the depth of runoff was not measured but was calculated numerically by using the kinematic wave model ͑Liu and Singh 2004͒. Since rills developed in most of the experiments, the time to the occurrence of rills was also observed. Eight sets of experiments for different rainfall intensities in the range of 60 to 190 mm/ h and four slope gradients were conducted. Table  1 gives pertinent characteristics of these eight experiments ͑cases͒.
The experimental results of runoff discharges and accumulated erosion amounts, as shown in Fig. 2 , indicated that when rills occurred on the slope, the quantity of soil eroded rapidly increased. Except during the fifth experiment, rill erosion occurred during experiments. Therefore, experimental data before the occurrence of rill erosion were selected for each test to analyze the process of interrill erosion, although distinguishing between concentrated sheetflow and dispersed sheetflow was difficult. In total, 29 groups of data were assembled to evaluate the performance of interrill erosion. The runoff discharge ranged from 6.25 to 34.27 mL/ s and the sediment concentration of runoff varied from 0.02 to 0.45 g / mL.
Gray Relational Analysis of Experimental Data
The data series of sediment concentration, runoff discharge, rainfall intensity, mean flow velocity, and slope gradient were designated as ͕x 0 ͑j͖͒, ͕x 1 ͑j͖͒, ͕x 2 ͑j͖͒, ͕x 3 ͑j͖͒, and ͕x 4 ͑j͖͒ ͑j =1,2, ... M͒, respectively, and were analyzed by using the gray relational analysis as follows: 1. The average value of the sediment concentration was obtained as
Similarly, x 1 = 2.43ϫ 10 −5 ͑m 3 /s͒, x 2 = 2.6ϫ 10 −5 ͑m/s͒, x 3 = 0.1442 ͑m/s͒, and x 4 = 21.72. We let X k ͑j͒ = x k ͑j͒ / x k , k =0,1,2,3,4. Then the new dimensionless data series ͕X 0 ͑j͖͒, ͕X 1 ͑j͖͒, ͕X 2 ͑j͖͒, ͕X 3 ͑j͖͒, ͕X 4 ͑j͖͒ was generated. 2. The differences of series ͕⌬ 0k ͑j͖͒ and their largest and smallest values were obtained as
3. The gray relational coefficient ͕L 0k ͑j͖͒, k =1,2,3,4, was calculated as Table 2 . This result shows the degree of importance of four factors affecting the runoff sediment concentration. It indicates that the order of importance is runoff dischargeϾ rainfall intensity Ͼ flow velocityϾ slope gradient. Thus, from the various hydraulic factors, the runoff discharge may be chosen as the main factor. In the kinematic wave analysis, it is customary to have q = ␣h m , ͑where q=unit discharge of runoff; h=flow depth; ␣=coefficient; and m = exponent͒, so that runoff discharge can be replaced by flow depth. This outcome can also be explained from = ␥hS f , where = flow shear stress; ␥ = specific weight of water; and S f = slope of water surface approximated generally by bed slope gradient S 0 . The depth of runoff and the slope gradient determine the shear stress of overland flow and the eroding capacity of the runoff.
Deriving Formula for Interrill Erosion
Since only one kind of soil was used in the experiments, the influence of soil characteristics was not considered in the preceding analysis. In reality, such soil characteristics as the diameter and size distribution of soil particles and the aggregate stability of soil ͑or cohesion͒ strongly affect soil erosion. In addition, for steep slopes, the ability of interrill flow to detach and transport sediment is rather high, which commonly causes rill erosion on these slopes. The following four factors are the main ones that affect the interrill erosion rate, D i ͑kg/ m 2 ·s͒: the sediment transport capacity of runoff, T c ͑kg/m·s͒; the median grain size of soil particles d 50 ͑m͒; the runoff depth h ͑m͒; and the slope factor S f . Here, the slope factor, S f , is used to express the influence of the slope gradient as S f = 1.05− 0.85e −4 sin . By selecting d 50 and T c as the basic variables and making the preceding factors dimensionless, we can obtain three dimensionless parameters. They are D i d 50 / T c , h / d 50 , and S f . We assume that the following functional relationship exists: 2 ͒, = gRS; ␥ s * = ͑ s − ͒g, = density of water ͑kg/ m 3 ͒; s = density of soil particles ͑kg/ m 3 ͒, g = gravitational acceleration ͑m/s 2 ͒; R = hydraulic radius ͑m͒; S is the energy slope, ͑which was approximated by bed slope͒; d = diameter of sediment particles ͑m͒, s = s / ; u = mean velocity of runoff ͑m/s͒; and cr is the critical shear stress ͑N/m 2 ͒, which was obtained from Govers's ͑1987͒ results. In Table 3 , the results were obtained by collecting data on a wide range of slopes, discharges, and materials, although not all possible conditions were covered in the experiments.
Stepwise multiple regression analyses were performed by using the experimental data. They yielded the following equation:
S f ͑16͒
Here, h was numerically calculated by using the kinematic wave model of overland flow on hillslopes ͑Liu and Singh 2004͒
Model Verification
Eq. ͑16͒ was employed to predict the interrill erosion rate. Fig. 3 shows a comparison of the predicted values and observed interrill erosion rates for all our experimental observations. In Fig. 3 , the correlation coefficient is r = 0.92. The high value of the correlation coefficient shows a reasonable agreement between observed and predicted interrill erosion results and indicates that the model is capable of simulating interrill erosion for loess soil in northwest China. For small flow depths, experimental data were scattered, and the agreement between predicted and observed values was not as good. This result may have occurred because there are larger surface roughness elements and strong stochastic elements under conditions of small runoff depth. In addition, the measurement error may be relatively greater when the runoff discharge ͑or runoff depth͒ is very small. Since the experimental data used are limited in several aspects-including as the number of data, the range of variation of rainfall intensity and amount, and types of soil-this study is less than definitive but does show the potential of the gray relational analysis method. Nevertheless, the results of this study are encouraging and indicate that gray relational analysis is a potential tool for factors analyzing that affect soil erosion.
Concluding Remarks
Gray relational analysis is a potentially powerful tool for analyzing the main factors that affect interrill erosion. It is especially useful when there are only limited experimental data-the method permits discerning the main factors from limited data and can provide a credible foundation for further regression analyses. The gray relational analysis of the experimental data pointed out that the gray relational grade of the water discharge ͑or depth͒ and sediment transport rate is the largest factor and is then followed by rainfall intensity, flow velocity, and slope gradient. Discriminating the relative importance of the controlling factors in this manner permits the use of dimensional and regression analyses for deriving an interrill erosion formula. The values predicted by this formula are in good agreement with observed values.
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Notation
The following symbols are used in the paper: B ϭ exponent; C ϭ sediment concentration; C i ϭ curved line, i =0,1,2,...; c ϭ coefficient; D i ϭ interrill erosion rate; d ϭ diameter of sediment particles; d 0 ϭ reference diameter; d 50 ϭ median grain size of soil particles; E ϭ kinetic energy of rainfall per unit area; E 0 ϭ critical kinetic energy leading to soil detachment; g ϭ acceleration because of gravity; 
